Compactness of conformal metrics with constant $Q$-curvature. I by Li, YanYan & Xiong, Jingang
ar
X
iv
:1
50
6.
00
73
9v
3 
 [m
ath
.A
P]
  1
5 J
an
 20
19
Compactness of conformal metrics with constant
Q-curvature. I
YanYan Li* and Jingang Xiong†
Abstract
We study compactness for nonnegative solutions of the fourth order constant Q-curvature equa-
tions on smooth compact Riemannian manifolds of dimension ≥ 5. If the Q-curvature equals −1,
we prove that all solutions are universally bounded. If the Q-curvature is 1, assuming that Paneitz
operator’s kernel is trivial and its Green function is positive, we establish universal energy bounds on
manifolds which are either locally conformally flat (LCF) or of dimension≤ 9. Moreover, assuming
in addition that a positive mass type theorem holds for the Paneitz operator, we prove compactness
in C4. Positive mass type theorems have been verified recently on LCF manifolds or manifolds of
dimension ≤ 7, when the Yamabe invariant is positive. We also prove that, for dimension ≥ 8, the
Weyl tensor has to vanish at possible blow up points of a sequence of blowing up solutions. This im-
plies the compactness result in dimension ≥ 8 when the Weyl tensor does not vanish anywhere. To
overcome difficulties stemming from fourth order elliptic equations, we develop a blow up analysis
procedure via integral equations.
1 Introduction
Let (M,g) be a compact smooth Riemannian manifold of dimension n ≥ 3, and let
Pg := ∆
2
g − divg(anRgg + bnRicg)d+
n− 4
2
Qg, (1)
Qg := −
1
2(n− 1)
∆gRg +
n3 − 4n2 + 16n − 16
8(n − 1)2(n− 2)2
R2g −
2
(n− 2)2
|Ricg|
2, (2)
be the Paneitz operator [43] and theQ-curvature [4], respectively. Here∆g denotes the Laplace-Beltrami
operator, Rg and Ricg denote the scalar curvature and Ricci curvature respectively, an =
(n−2)2+4
2(n−1)(n−2)
and bn = −
4
n−2 .
In dimension four, the prescribed Q-curvature problem has been studied by Chang-Yang [8, 9],
Djadli-Malchiodi [12], Li-Li-Liu [32] and the references therein. Bubbling analysis and compactness
*Supported in part by NSF grants DMS-1203961 and DMS-1501004.
†Supported in part by NSFC 11501034, a key project of NSFC 11631002 and NSFC 11571019.
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of solutions have been studied by Druet-Robert [15], Malchiodi [41], and Weinstein-Zhang [49] among
others.
Since the Paneitz operator satisfies, for n 6= 4, the transformation law
P
u
4
n−4 g
(φ) = u−
n+4
n−4Pg(uφ) ∀ u, φ ∈ C
∞(M), u > 0 (3)
and Pg(1) =
n−4
2 Qg, the constant Q-curvature problem is equivalent to solving
Pgu = λu
n+4
n−4 , u > 0 onM, (4)
where λ ∈ {−1, 0, 1}. The existence of solutions of (4) with λ = 1 was obtained by Qing-Raske [44]
if (M,g) is locally conformally flat and of positive Yamabe type and its Poincare´ exponent is less than
(n− 4)/2, by Gursky-Malchiodi [18] if (M,g) has a conformal metric g˜ satisfying Rg˜ ≥ 0, Qg˜ ≥ 0 and
Qg˜ 6≡ 0 simultaneously, and by Hang-Yang [20] if (M,g) is of positive Yamabe type and has a conformal
metric g˜ satisfying Qg˜ ≥ 0 and Qg˜ 6≡ 0. See Gursky-Hang-Lin [17] for further results. Here we say
that a compact smooth Riemannian manifold is of positive Yamabe type if the first eigenvalue of the
conformal Laplacian Lg := −∆g +
(n−2)
4(n−1)Rg on M , denoted by λ1(Lg), is positive. The assumptions
in every existence result mentioned above imply that
KerPg = {0} and the Green’s function Gg of Pg is positive. (5)
In this paper, we study the compactness of solutions of the constant Q-curvature equation for n ≥ 5.
Non-compact examples on manifolds of dimension n ≥ 25 which are not conformally diffeomorphic
to the standard sphere has been constructed by Wei-Zhao [48]. Multiplicity results have been proved
by Bettiol-Piccione-Sire [3]. Compactness of solutions of the Yamabe equation was studied by Schoen
[47], Li-Zhu [39], Druet [14], Li-Zhang [36, 37, 38], Marques [42] and Khuri-Marques-Schoen [28] for
the positive side if n ≤ 24 or M is locally conformal flat, and by Brendle [5], Brendle-Marques [6] for
counterexamples in dimensions n ≥ 25. See also Kim-Musso-Wei [29] for the counterexamples in the
fractional Yamabe setting.
Theorem 1.1. Let (M,g) be a smooth n-dimensional compact Riemannian manifold which is not con-
formally diffeomorphic to the standard sphere. Suppose that (5) holds and at least one of the following
three cases occurs.
(i) λ1(Lg) > 0 and (M,g) is locally conformally flat or n = 5, 6, 7,
(ii) 5 ≤ n ≤ 9 and the positive mass type theorem holds for the Paneitz operator,
(iii) n ≥ 8 and the Weyl tensor of g does not vanish anywhere onM .
For 1 < p ≤ n+4n−4 , let u ∈ C
4(M) be a positive solution of
Pgu = c(n)u
p onM, (6)
where c(n) = n(n + 2)(n − 2)(n − 4). Then there exists a constant C > 0, depending only on M,g,
and a positive lower bound of p− 1, such that
‖u‖C4(M) + ‖1/u‖C4(M) ≤ C. (7)
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The positive mass type theorem for Paneitz operator in dimension 8, 9 is understood as in Remark
2.1. If (M,g) is locally conformally flat and p = n+4n−4 , (7) was established by Qing-Raske [44] under the
additional assumptions that λ1(Lg) > 0 and the Poincare´ exponent is less than (n − 4)/2, and also by
Hebey-Robert [22, 23] with C depending on the H2 norm of u, under the additional assumption that Pg
is coercive. In dimension n = 5, under the assumption that Rg > 0 and Qg ≥ 0 but not identically equal
to zero, (7) was proved independently by Li [31].
Our next theorem gives an energy bound of solutions without assuming either λ1(Lg) > 0 or the
positive mass type theorem for Paneitz operator.
Theorem 1.2. Let (M,g) be a smooth compact Riemannian manifold of dimension n ≥ 5. Suppose that
(5) holds. Let u ∈ C4(M) be a positive solution of (6). If either n ≤ 9 or (M,g) is locally conformally
flat, then, for some positive constant C depending only onM,g and a positive lower bound of p− 1,
‖u‖H2(M) ≤ C.
For the negative constant Q-curvature equation (and more general ones), we have
Theorem 1.3. Let (M,g) be a smooth compact Riemannian manifold of dimension n ≥ 5. Then for
any 1 < p < ∞, there exists a positive constant C , depending only on M,g and p, such that every
nonnegative C4 solution of
Pg(u) = −u
p onM (8)
satisfies
‖u‖C4(M) ≤ C.
The proofs of Theorem 1.1 and Theorem 1.2 make use of important ideas for the proof of compact-
ness of positive solutions of the Yamabe equation, which were outlined first by Schoen [45, 46, 47], as
well as methods developed through the work Li [33], Li-Zhu [39], Li-Zhang [36, 37, 38], and Marques
[42]. Our main difficulty now stems from fourth order equations, for which the sole positivity of solu-
tions is not enough to adapt the above analysis for the second order critical nonlinear elliptic equations.
For instance, if equation (6) is defined only in an open subset Ω ⊂ M instead of M , we do not know
yet how to prove the universal H2 estimates in Theorem 1.2 on Ω′ ⊂⊂ Ω. This is very different from
the Yamabe equation case. We establish a comparison principle and a blow up analysis procedure for
nonlinear integral equations on Riemannian manifolds. This is inspired by our earlier joint work with Jin
[25, 26, 27] on the fractional Nirenberg problem.
An earlier version of the present paper, which contains some further results, can be found in [35].
The paper is organized as follows. In section 2, we set up notations and recall basic results of
conformal normal coordinates and Phozaev identities. Theorem 1.3 is proved in section 3. In section 4,
we extend the blow up analysis in [27] to the current setting with lower order terms. Section 5 is devoted
to a refined blow up analysis. In section 6, we prove a sign restriction on Pohozaev integral and vanishing
rate of Weyl tensor at isolated simple blow up points.The first two main theorems are proved in section
7.
Acknowledgments: This work was completed while Xiong was a Simons postdoc in Beijing Interna-
tional Center for Mathematical Research. He is deeply indebted to Professor Gang Tian for providing
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him the opportunity of working in the excellent and stimulating research environment in BICMR. He is
also grateful to Professor Jiguang Bao for his support.
2 Preliminaries
Letters x, y, z denote points in Rn, and capital letters X,Y,Z denote points on Riemannian manifolds.
Denote by Br(x) ⊂ R
n the ball centered at x with radius r > 0. We often write Br in replace of Br(0)
for brevity. For X ∈ M , Bδ(X) denotes the geodesic ball centered at X with radius δ. Throughout the
paper, constants C > 0 in inequalities may vary from line to line and are universal, which means they
depend on given quantities but not on solutions. f = O(k)(rm) denotes quantities satisfying |∇jf(r)| ≤
Crm−j for all integers 1 ≤ j ≤ k, where k is a positive integer and m is a real number. |Sn−1|
denotes the area of the standard (n − 1)-sphere. Here are three constants frequently used in the paper:
c(n) = n(n+ 2)(n − 2)(n − 4), αn =
1
2(n−2)(n−4)|Sn−1 | , cn = c(n) · αn =
n(n+2)
2|Sn−1| .
2.1 Paneitz operator in conformal normal coordinates
Let (M,g) be a smooth Riemannian manifold of dimension n ≥ 5, and Pg be the Paneitz operator on
M . For any point X¯ ∈ M , it was proved in [30], together with some improvement in [7] and [16], that
there exists a positive smooth function κ (with control) onM such that the conformal metric g˜ = κ
−4
n−4 g
satisfies, in g˜-normal coordinates {x1, . . . , xn} centered at X¯ ,
det g˜ = 1 in Bδ
for some δ > 0, where κ(x) = 1 +O(|x|2) and in particular
κ(0) = 1, ∇κ(0) = 0.
We refer such coordinates as conformal normal coordinates. Notice that det g˜ = 1 + O(|x|N ) will be
enough for our use if N is sufficiently large.
In the g˜-normal coordinates,
Rij(0) = 0, SymijkRij,k(0) =:
1
6
∑
σ
Rσ(i),σ(j),σ(k)(0) = 0,
R,i(0) = 0, ∆g˜R(0) = −
1
3!
|Wg˜(0)|
2,
where the Ricci tensor Rij , scalar curvature R, Weyl tensor W are with respect to g˜, and σ ranges over
all the permutations of the set {i, j, k}. In addition,
∆g˜ = ∆+ ∂lg˜
kl∂k + (g˜
kl − δkl)∂kl,
E(u) : = Pg˜u−∆
2u =
n− 4
2
Qg˜u+ f
(1)
k ∂ku+ f
(2)
kl ∂klu+ f
(3)
kls∂klsu+ f
(4)
klst∂klstu,
4
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where
|f
(1)
k (x)|+ |f
(2)
kl (x)|+ ||x|
−1f
(3)
kls(x)|+ ||x|
−2f
(4)
klst(x)| ≤ C
∑
k≥1,2≤k+1≤4
‖∇kg‖lL∞(Bδ).
Lemma 2.1. In the g˜-normal coordinates, we have, for any smooth radial function u,
Pg˜u =∆
2u+
1
2(n − 1)
R,kl(0)x
kxl(c∗1
u′
r
+ c∗2u
′′)−
4
9(n− 2)r2
∑
kl
(Wikjl(0)x
ixj)2(u′′ −
u′
r
)
+
n− 4
24(n − 1)
|Wg(0)|
2u+ (
ψ5(x)
r2
+ ψ3(x))u
′′ − (
ψ5(x)
r3
+
ψ′3(x)
r
)u′ + ψ1(x)u
+O(r4)u′′ +O(r3)u′ +O(r2)u,
where r = |x|, ψk(x), ψ
′
k(x) are homogeneous polynomials of degree k, and c
∗
1 =
2(n−1)
(n−2) −
(n−1)(n−2)
2 +
6− n, c∗2 = −
n−2
2 −
2
n−2 .
Proof. Since det g˜ = 1 and u is radial, we have∆2g˜u = ∆
2u. The rest of the proof is the same as that of
Lemma 2.8 of [18]. It suffices to expand the coefficients of lower order terms of Pg˜ in Taylor series to a
higher order so that (ψ5(x)r2 + ψ3(x))u
′′ − (ψ5(x)r3 +
ψ′3(x)
r )u
′ + ψ1(x)u appears.
Proposition 2.1 ([18], [20]). Let g˜ and Bδ be as before. LetG ∈ C
4(Bδ \ {0}) satisfy Pg˜G = δ0, where
δ0 is the Dirac measure at 0. Then
• If n = 5, 6, 7, orM is flat in a neighborhood of X¯ , G(x) = αn
|x|n−4
+A+O(4)(|x|),
• If n = 8, G(x) = αn|x|n−4 −
αn
1440 |W (X¯)|
2 log |x|+O(4)(1),
• If n ≥ 9, G(x) = αn
|x|n−4
(
1 + ψ4(x)
)
+O(4)(|x|9−n),
where αn =
1
2(n−2)(n−4)|Sn−1 |
,A is a constant,W (X¯) is the Weyl tensor at X¯, and ψ4(x) a homogeneous
polynomial of degree 4.
Corollary 2.1. If Pg˜G(Z, ·) = δZ in Bδ for every Z ∈ Bδ. Then
G(expX¯ x, expX¯ y) =
αn(1 +O
(4)(|x|2) +O(4)(|y|2))
|x− y|n−4
+ a¯+O(4)(|x− y|6−n),
where x, y ∈ Bδ, x − y = (x1 − y1, . . . , xn − yn), |x − y| =
√∑n
i=1(xi − yi)
2, a¯ is a constant and
a¯ = 0 if n ≥ 6.
Proof. We only prove the result when (M,g) is not locally formally flat. Denote X = expX¯ x and
Y = expX¯ y for x, y ∈ Bδ, where δ > 0 depends only on (M, g˜). For X 6= X¯, we can find gX =
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v
4
n−4 g˜ such that in the gX -normal coordinate centered at X there hold det gX = 1 and v(Y ) = 1 +
O(4)(distgX (X,Y )
2). Let GgX be the Green’s function of PgX . By Proposition 2.1,
GgX (X,Y ) = αndistgX (X,Y )
4−n +A+O(4)(distgX (X,Y )
6−n),
where A is a constant and A = 0 if n ≥ 6. By the conformal invariance of the Paneitz operator, we have
the transformation law
G(X,Y ) = GgX (X,Y )v(X)v(Y ) = GgX (X,Y )v(Y ).
Since gX = v
4
n−4 g˜ and v(Y ) = 1 +O(4)(distgX (X,Y )
2), we obtain
distgX (X,Y ) = (1 +O
(4)(|x− y|2))distg˜(expX¯ x, expX¯ y)
= (1 +O(4)(|x− y|2))(1 +O(4)(|x|2) +O(4)(|y|2))|x− y|,
where g˜ is viewed as a Riemannian metric on Bδ because of the exponential map expX¯ .
Therefore, we obtain
G(expX¯ x, expX¯ y) = αn
1 +O(4)(|x¯|2) +O(4)(|y|2)
|x¯− y|n−4
+O(4)(|x¯− y|6−n).
If X = X¯, the desired estimate follows from Proposition 2.1.
The following positive mass type theorem for Paneitz operator has been proved through [24], [18]
and [20].
Theorem 2.1. Let (M,g) be a compact manifold of dimension n ≥ 5, and X¯ ∈M . Let g˜ be a conformal
metric of g such that det g˜ = 1 in the g˜-normal coordinate {x1, . . . , xn} centered at X¯. Suppose also
that λ1(Lg) > 0 and (5) holds. If n = 5, 6, 7, or (M,g) is locally conformally flat, then the constant A
in Proposition 2.1 is nonnegative, and A = 0 if and only if (M,g) is conformally diffeomorphic to the
standard n-sphere.
Remark 2.1. Suppose that the assumptions in Theorem 2.1 hold. If W (X¯) = 0, it follows from Propo-
sition 2.1 of [20] that, in the g˜-normal coordinates centered at X¯, the Green’s function G of Pg˜ has the
expansion
G(X¯, expX¯ x) =


α8|x|
−4 + ψ(θ) + log |x|O(4)(|x|), n = 8,
α9|x|
−5(1 +
R,ij(X¯)xixj |x|2
384 ) +A+O
(4)(|x|), n = 9,
where x = |x|θ, ψ is a smooth function of θ, and A is constant. In dimension n = 8, 9, we say the
positive mass type theorem holds for Paneitz operator if
∫
Sn−1
ψ(θ) dθ > 0 and A > 0 respectively.
6
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Let
Uλ(x) :=
(
λ
1 + λ2|x|2
)n−4
2
, λ > 0.
These functions are the unique positive solutions of ∆2u = c(n)u
n+4
n−4 in Rn, n ≥ 5, up to translations
by Lin [40]. In the g˜-normal coordinates, we have, by Lemma 2.1, that
Pg˜Uλ = c(n)U
n+4
n−4
λ + fλUλ, (9)
where fλ(x) is a smooth function satisfying that λ
−k|∇kxfλ(x)|, k = 0, 1, . . . , 5, is uniformly bounded
in Bδ by a constant independent of λ ≥ 1. Indeed, by direct computations,
∂rUλ = (4− n)λ
n
2 (1 + λ2r2)
2−n
2 r,
∂2rrUλ = (4− n)(2− n)λ
n+4
2 (1 + λ2r2)
−n
2 r2 + (4− n)λ
n
2 (1 + λ2r2)
2−n
2 .
Inserting these to the expression in Lemma 2.1 leads to (9).
Corollary 2.2. Let (M, g˜) be a smooth compact Riemannian manifold of dimension n ≥ 5, on which
KerPg˜ = {0}. Then there exists a small constant δ > 0, depending only on (M, g˜), such that if det g˜ = 1
in the normal coordinates {x1, . . . , xn} centered at X¯, then
Uλ(x) = c(n)
∫
Bδ
G(expX¯ x, expX¯ y){Uλ(y)
n+4
n−4 + c′λ(y)Uλ(y)}dy + c
′′
λ(x),
where δ > 0 depends only onM, g˜, and c′λ, c
′′
λ are smooth functions satisfying
λ−k|∇kc′λ(x)| ≤ C, |∇
kc′′λ(x)| ≤ Cλ
4−n
2 ,
for k = 0, 1, . . . , 5 and some C > 0 independent of λ ≥ 1.
Proof. Let η(x) = η(|x|) be a smooth cutoff function satisfying η(t) = 1 for t < δ/2, η(t) = 0 for t >
δ. By the Green’s representation formula, we have
(Uλη)(x) =
∫
Bδ
G(expX¯ x, expX¯ y)Pg˜(Uλη)(y) dy.
Making use of (9) and Lemma 2.1, we see that c′λ =
fλ
c(n) and the proof is finished.
2.2 Two Pohozaev type identities
For r > 0, define in Euclidean space
P(r, u) :=
∫
∂Br
n− 4
2
(
∆u
∂u
∂ν
− u
∂
∂ν
(∆u)
)
−
r
2
|∆u|2
− xk∂ku
∂
∂ν
(∆u) + ∆u
∂
∂ν
(xk∂ku) dS,
where ν = xr is the unit outward normal to ∂Br.
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Proposition 2.2. Let u ∈ C4(B¯r) be a positive function and let
E(u) = Kup −∆2u in Br,
whereK ∈ C1(B¯r) and p > 1. Then
P(r, u) =
∫
Br
(xk∂ku+
n− 4
2
u)E(u) dx+N (r, u), (10)
where
N (r, u) :=(
n
p+ 1
−
n− 4
2
)
∫
Br
Kup+1 dx+
1
p+ 1
∫
Br
xk∂kKu
p+1 dx
−
r
p+ 1
∫
∂Br
Kup+1 dS.
Proof. Multiplying both sides of the equation by u and x∇u and integrating parts lead to the proposition.
We omit the by now standard details. See, e.g., Li [33], Marques [42], Hebey-Robert [23] for the proofs
of the related Pohozaev type identities.
Lemma 2.2. If G(x) = |x|4−n +A+O(4)(|x|), where A is constant, then
lim
r→0
P(r,G) = −(n− 4)2(n− 2)A|Sn−1|.
The following proposition is a special case of Proposition 2.15 in [27].
Proposition 2.3. For R > 0, let 0 ≤ u ∈ C1(B¯R) be a solution of
u(x) =
∫
BR
K(y)u(y)p
|x− y|n−4
dy + h(x),
where p > 0, h(x) ∈ C1(BR), ∇h ∈ L
1(BR). Then(
n− 4
2
−
n
p+ 1
)∫
BR
K(x)u(x)p+1 dx−
1
p+ 1
∫
BR
x∇K(x)u(x)p+1 dx
=
n− 4
2
∫
BR
K(x)u(x)ph(x) dx+
∫
BR
x∇h(x)K(x)u(x)p dx−
R
p+ 1
∫
∂BR
K(x)u(x)p+1 dS.
3 Proof of Theorem 1.3
The proof of Theorem 1.3 is divided into two steps.
Step 1. Lp estimate. Let u ≥ 0 be a solution of (8). Integrating (8) leads to∫
M
updvolg =
∣∣∣∣−
∫
M
uPg(1)dvolg
∣∣∣∣ ≤ n− 42 ‖u‖Lp(M)‖Qg‖Lp′ (M),
8
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where 1p′ +
1
p = 1. It follows that ‖u‖
p−1
Lp(M) ≤
n−4
2 ‖Qg‖Lp′ (M).
Step 2. If KerPg = {0}, there exists a unique Green function of Pg. If the kernel of Pg is non-
trivial, since the spectrum of Paneitz operator is discrete, there exists a small constant ε > 0 such that
the kernel of Pg − ε is trivial. Let Gg be the Green function of the operator Pg − ε, where ε ≥ 0.
Then there exists a constant δ > 0, depending only M,g and ε, such that, for every X ∈ M , we have
G(X,Y ) > 0 for Y ∈ Bδ(X) and |Gg(X,Y )| ≤ C(δ, ε) for Y ∈ M \ Bδ(X). Rewrite the equation of
u as Pgu− εu = −(u
p + εu). It follows from the Green representation theorem that
u(X) = −
∫
M
Gg(X,Y )(u
p + εu)(Y )dvolg(Y )
≤ −
∫
M\Bδ(X)
Gg(X,Y )(u
p + εu)(Y )dvolg(Y )
≤ Cmax{‖u‖pLp(M), ‖u‖Lp(M)} ≤ C.
By the arbitrary choice of X, we have ‖u‖L∞ ≤ C . The higher order derivatives estimates follow from
standard linear elliptic partial differential equation theories; see Agmon-Douglis-Nirenberg [1].
Theorem 1.3 is proved.
4 Blow up analysis for integral equations
As mentioned in the Introduction, we will prove Theorem 1.1 and Theorem 1.2 by studying nonlinear
integral equations on Riemannian manifolds. This section is devoted to the local theory of blow up
solutions of nonlinear integral equations. This is inspired by Jin-Li-Xiong [27], where the manifold
is the unit sphere and the stereographic projection was used to have integral equations involving the
standard Riesz kernels.
We will useA1, A2, A3 to denote positive constants, and {τi}
∞
i=1 to denote a sequence of nonnegative
constants satisfying limi→∞ τi = 0. Set
pi =
n+ 4
n− 4
− τi. (11)
Let {Gi(x, y)}
∞
i=1 be a sequence of functions on B3 ×B3 satisfying
Gi(x, y) = Gi(y, x), Gi(x, y) ≥ A
−1
1 |x− y|
4−n,
|∇lxGi(x, y)| ≤ A1|x− y|
4−n−l, l = 0, 1, . . . , 5
Gi(x, y) = cn
1 +O(4)(|x|2) +O(4)(|y|2)
|x− y|n−4
+ a¯i +O
(4)(
1
|x− y|n−6
)
(12)
for all x, y ∈ B¯3, where cn =
n(n+2)
2|Sn−1|
is the constant given towards the end of the introduction, f =
O(4)(rm) denotes some quantity satisfying |∇jf(r)| ≤ A1r
m−j for all integers 1 ≤ j ≤ 4, and a¯i is a
constant and a¯i = 0 if n ≥ 6. Let {Ki}
∞
i=1 ∈ C
∞(B¯3) satisfy
lim
i→∞
Ki(0) = 1, Ki ≥ A
−1
2 , ‖Ki‖C5(B3) ≤ A2. (13)
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Let {hi}
∞
i=1 be a sequence of nonnegative functions in C
∞(B3) satisfying for 0 < r < 1/2,
max
B¯r(x)
hi ≤ A2 min
B¯r(x)
hi and
5∑
j=1
rj|∇jhi(x)| ≤ A2‖hi‖L∞(Br(x)), x ∈ B2. (14)
Given pi, Gi,Ki, and hi satisfying (11)-(14), let 0 ≤ ui ∈ L
2n
n−4 (B3) be a solution of
ui(x) =
∫
B3
Gi(x, y)Ki(y)u
pi
i (y) dy + hi(x) in B3. (15)
It follows from [34] and Proposition A.2 that ui ∈ C
4(B3). In the following we will always assume
ui ∈ C
4(B3). We say that {ui} blows up if ‖ui‖L∞(B3) →∞ as i→∞.
Definition 4.1. We say that xi → x¯ ∈ B3 is an isolated blow up point of {ui} if there exist 0 < r <
dist(x, ∂B3), C > 0, such that, xi is a local maximum of ui, ui(xi)→∞ and
ui(x) ≤ C|x− xi|
−4/(pi−1) for all x ∈ Br(xi). (16)
Let xi → x be an isolated blow up of ui. Define
ui(r) =
1
|∂Br|
∫
∂Br(xi)
ui dS and wi(r) = r
4/(pi−1)ui(r), r > 0,
Definition 4.2. We say xi → x ∈ B3 is an isolated simple blow up point, if xi → x is an isolated blow
up point, such that, for some ρ > 0 (independent of i) wi has precisely one critical point in (0, ρ) for
large i.
The notations of isolated blow up points and isolated simple blow up points were introduced by
Schoen [45, 46, 47]. If xi = x¯ in the above definitions, we will say x¯ is an isolated or isolated simply
blow up point for short. The conclusion of the following lemma was proved by Djadli-Malchiodi-Ould
Ahmedou [13] for solutions of the equation ∆2ui = Kiu
pi
i under the assumption that ∆ui < 0, where
Ki is uniformly bounded from below and above by positive constants and 1 < pi ≤
n+4
n−4 .
Lemma 4.1. Given pi, Gi,Ki and hi satisfying (11)-(14), let 0 ≤ ui ∈ C
4(B3) be a solution of (15).
Suppose that 0 is an isolated blow up point of {ui} with r¯ = 2 and C¯ = A3. Then for any 0 < r < 1/3
we have
sup
B2r\Br/2
ui ≤ C inf
B2r\Br/2
ui,
where C is a positive constant depending only on n,A1, A2, A3.
Proof. For every 0 < r < 1/3, set
wi(x) = r
4/(pi−1)ui(rx), h˜i(x) := r
4/(pi−1)hi(rx),
Gi,r(x, y) = r
n−4Gi(rx, ry) for r > 0.
10
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By the equation of ui, we have
wi(x) =
∫
B3/r
Gi,r(x, y)Ki(ry)wi(y)
pi dy + h˜i(x) for x ∈ B3/r.
Since 0 is an isolated blow up point of ui,
wi(x) ≤ A3|x|
−4/(pi−1) for all x ∈ B3. (17)
Set Ω1 = B5/2 \ B1/4, Ω2 = B2 \ B1/2 and Vi(y) = Ki(ry)wi(y)
pi−1. Thus wi satisfies the linear
equation
wi(x) =
∫
Ω1
Gi,r(x, y)Vi(y)wi(y) dy + h¯i(x) for x ∈ B5/2 \B1/4,
where
h¯i(x) = h˜i(x) +
∫
B3/r\Ω1
Gi,r(x, y)Ki(ry)wi(y)
pi dy.
By (17) and (13), ‖Vi‖L∞(Ω1) ≤ C(n,A1, A2, A3) < ∞. Since Ki and wi are nonnegative, by (12) on
Gi and (14) on hi we have maxΩ¯2 h¯i ≤ C(n,A1, A2)minΩ¯2 h¯. Applying Proposition A.1 to wi gives
maxΩ¯2 wi ≤ CminΩ¯2 wi, where C > 0 depends only on n,A1, A2 and A3. Rescaling back to ui, the
lemma follows.
Proposition 4.1. Suppose that 0 ≤ ui ∈ C
4(B3) is a solution of (15) and all assumptions in Lemma 4.1
hold. Let Ri →∞ with R
τi
i = 1+ o(1) and εi → 0
+, where o(1) denotes some quantity tending to 0 as
i→∞. Then we have, after passing to a subsequence, withmi := ui(0),
‖m−1i ui(m
−(pi−1)/4
i ·)− (1 + | · |
2)(4−n)/2‖C3(B2Ri (0))
≤ εi,
ri := Rim
−(pi−1)/4
i → 0 as i→∞.
Proof. Set hˆi(x) =
∫
B3\B2
Gi(x, y)Ki(y)u
pi
i (y) dy + hi(x). By (12) and (14), hˆi also satisfies (14) for
all x ∈ B1. Let
ϕi(x) = m
−1
i ui(m
−(pi−1)/4
i x) for |x| < 2m
(pi−1)/4
i .
By the equation of ui, we have,
ϕi(x) =
∫
B
2m
(pi−1)/4
i
G˜i(x, y)K˜i(y)ϕi(y)
pi dy + h˜i(x), (18)
where G˜i(x, y) = G
i,m
−
pi−1
4
i
(x, y), K˜i(y) = Ki(m
−
pi−1
4
i y) and h˜i(x) = m
−1
i hˆi(m
−
pi−1
4
i x).
First of all, max∂B1 hˆi ≤ max∂B1 ui ≤ A3, by (14) for hˆi we have
h˜i → 0 in C
5
loc(R
n) as i→∞. (19)
11
Y. Y. Li & J. Xiong
Secondly, since 0 is an isolated blow up point of ui,
ϕi(0) = 1, ∇ϕi(0) = 0, 0 < ϕi(x) ≤ A3|x|
−4/(pi−1). (20)
For any R > 0, we claim that for sufficiently large i,
‖ϕi‖C4(BR) ≤ C(R). (21)
Indeed, by Proposition A.2 and (20), it suffices to prove that ϕi ≤ C in B1. If ϕi(x¯i) = supB1 ϕi →
∞, set
ϕ˜i(z) = ϕi(x¯i)
−1ϕi(ϕi(x¯i)
−(pi−1)/4z + x¯i) ≤ 1 for |z| ≤
1
2
ϕi(x¯i)
(pi−1)/4.
By (20),
ϕ˜i(zi) = ϕi(x¯i)
−1ϕi(0) → 0
for zi = −ϕi(x¯i)
(pi−1)/4x¯i. Since ϕi(x¯i) ≤ A3|x¯i|
−4/(pi−1), we have |zi| ≤ A
4/(p1−1)
3 . Hence, we can
find t > 0 independent of i such that such that zi ∈ Bt. Applying Proposition A.1 to ϕ˜i in B2t (since ϕ˜i
satisfies a similar equation to (18)), we have 1 = ϕ˜i(0) ≤ Cϕ˜i(zi) → 0, which is impossible. Hence,
ϕi ≤ C in B1.
It follows from (21) that there exists a function ϕ ∈ C4(Rn) such that, after passing subsequence,
ϕi(x)→ ϕ in C
3
loc(R
n) as i→∞. (22)
For any fixed x and R > 2|x|, by (12) and (13) and (20) we have∫
B
2m
(pi−1)/4
i
\BR
G˜i(x, y)K˜i(y)ϕi(y)
pi dy ≤ C
∫
B
2m
(pi−1)/4
i
\BR
|y|4−n|y|
−
4pi
pi−1 dy
= O(R−
n−4
2
+O(τi)). (23)
By (12) and (13), we have
G˜i(x, y)→ cn
1
|x− y|n−4
∀ x 6= y, and K˜i(y)→ Ki(0) = 1.
Combining (19), (22) and (23) together, by (18) we have that for any fixed R > 0 and x ∈ BR/2
ϕ(x) = cn
∫
BR
ϕ(y)
n+4
n−4
|x− y|n−4
dy +O(R−
4−n
2 ). (24)
Sending R→∞, it follows from Lebesgue’s monotone convergence theorem that
ϕ(x) = cn
∫
Rn
ϕ(y)
n+4
n−4
|x− y|n−4
dy x ∈ Rn.
By the classification theorem in [10] or [34], using ϕ(0) = 1 and ∇ϕ(0) = 0, we have
ϕ(x) =
(
1 + |x|2
)−n−4
2 .
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Since passing to subsequences does not affect our proofs, in the rest of the paper we will always
choose Ri → ∞ with R
τi
i = 1 + o(1) first, and then εi → 0
+ as small as we wish (depending on Ri)
and then choose our subsequence {uji} to work with. Since i ≤ ji and limi→∞ τi = 0, one can ensure
that R
τji
i = 1 + o(1) as i→∞. In the sequel, we will still denote the subsequences as ui, τi and etc.
Remark 4.1. By checking the proof of Proposition 4.1, together with the fact ∇2(1 + |x|2)−
n−4
2 is
negatively definite near zero and the C2 convergence of the rescaled profiles in a fixed neighborhood of
zero, the following statement holds. Let 0 ≤ ui ∈ C
4(B3) be a solution of (15) and satisfy (16). Suppose
that ui(0) → ∞ as i → ∞, ∇ui(0) = 0 and maxB3 ui ≤ bui(0) for some constant b ≥ 1 independent
of i. Then, after passing to a subsequence, 0 must be a local maximum point of ui for i large. Namely, 0
is an isolated blow up point of ui after passing to a subsequence.
Proposition 4.2. Under the hypotheses of Proposition 4.1, there exists a constant C > 0, depending
only on n,A1, A2 and A3, such that,
ui(x) ≥ C
−1mi(1 +m
(pi−1)/2
i |x|
2)(4−n)/2, |x| ≤ 1.
In particular, for any e ∈ Rn, |e| = 1, we have
ui(e) ≥ C
−1m
−1+((n−4)/4)τi
i .
Proof. By Proposition 4.1, with U1(x) = (1 + |x|
2)−
n−4
2 ,
ui(x) ≥
1
C
∫
Bri
|x− y|4−nui(y)
pi dy
≥
1
C
mi
∫
BRi
|x− y|4−nU1(y)
pi dy ≥
1
2
CmiU1(m
(pi−1)
i x).
Lemma 4.2 (Comparison principle). Let Ω1 ⊂ Ω be two open sets in R
n and Ω1 is bounded. Let
G ∈ L1(Ω× Ω), G > 0 a.e in Ω× Ω, and satisfy that for some small constant β > 0,
α := ess inf
x∈Ω1
inf
E⊂Ω1,
|E|≥|Ω1|−β
∫
E
G(x, y) dy > 0,
where |E| denotes the Lebesgue measure of set E. Let f ∈ C(Ω¯1 × R) and
f(x,s)
s be nondecreasing in
s ∈ (0,∞) for each x ∈ Ω1. Define Lu(x) =
∫
ΩG(x, y)u(y) dy for u ∈ L
∞(Ω). If u, v ∈ L∞(Ω)
satisfy
max{0, f(x, u(x)) − Lu(x)} ≤ f(x, v(x)) − Lv(x) a.e. in Ω1, (25)
u ≤ v a.e. in Ω \ Ω1, v ≥ 0 a.e. in Ω and ess inf
Ω1
v > 0, (26)
then either u ≤ v a.e. in Ω1 or u = v = 0 a.e. in Ω \ Ω1, u = tv and f(·, tv) = tf(·, v) a.e. in Ω1 for
some t > 1.
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Proof. Since u ∈ L∞(Ω1), by (26) we see that
t¯ = inf{t > 1 : tv ≥ u a.e. in Ω1}
is well defined and finite. Suppose t¯ > 1, otherwise we are done. If |{t¯v − u = 0} ∩ Ω1| > 0, by
the hypotheses of the lemma one can find x¯ ∈ Ω1 such that tv(x¯) = u(x¯) > 0, (25) holds at x¯ and
G(x¯, ·) > 0 a.e. in Ω. It follows that
0 = f(x¯, t¯v(x¯))− f(x¯, u(x¯)) =
f(x¯, t¯v(x¯))
t¯v(x¯)
t¯v(x¯)− f(x¯, u(x¯))
≥ t¯f(x¯, v(x¯))− f(x¯, u(x¯)) ≥ L(t¯v − u)(x¯) ≥ 0
and thus t¯v − u = 0 a.e. in Ω. Since t¯ > 1, by (26) it must have u = v = 0 a.e. in Ω \ Ω1. Since the
above holds for almost every x¯ ∈ Ω1, we see that f(·, tv) = tf(·, v) a.e. in Ω1.
If |{t¯v−u = 0} ∩Ω1| = 0, one can find δ > 0 such that |{t¯v−u > δ}∩Ω1| ≥ |Ω1| −β. For every
sufficiently small ε > 0, by the definition of t¯ we have |{t¯v − u < ε} ∩ Ω1| > 0. By the hypotheses of
the lemma one can find x¯ ∈ Ω1 such that 0 ≤ tv(x¯) − u(x¯) < ε, (25) holds at x¯, G(x¯, ·) > 0 a.e. in Ω
and inf E⊂Ω1,
|E|≥|Ω1|−β
∫
E G(x¯, y) dy ≥ α. It follows that
o(1) = f(x¯, t¯v(x¯))− f(x¯, u(x¯)) ≥ t¯f(x¯, v(x¯))− f(x¯, u(x¯))
≥ L(t¯v − u)(x¯) ≥
∫
{t¯v−u>δ}
G(x¯, y)δ dy ≥ αδ > 0,
where o(1)→ 0 as ε > 0. Sending ε→, we obtain a contradiction. The lemma is proved.
Lemma 4.3. Suppose that the hypotheses of Proposition 4.1 hold and in addition that 0 is also an
isolated simple blow up point with constant ρ > 0. Then there exist δi > 0, δi = O(R
−4
i ), such that
ui(x) ≤ Cui(0)
−λi |x|4−n+δi , for all ri ≤ |x| ≤ 1,
where λi = (n− 4− δi)(pi − 1)/4 − 1 and C > 0 depends only on n,A1, A2, A3 and ρ.
Proof. We divide the proof into several steps. Unless otherwise stated, we will use C to denote some
constant depending only on n,A1, A3 and ρ, which may change from line to line.
Step 1. From Proposition 4.1, we see that
ui(x) ≤ Cmi
(
1
1 + |m
(pi−1)/4
i x|
2
)n−4
2
≤ CmiR
4−n
i for all |x| = ri = Rim
−(pi−1)/4
i . (27)
Let ui(r) be the average of ui over the sphere of radius r centered at 0. It follows from the assumption
of isolated simple blow up points and Proposition 4.1 that
r4/(pi−1)ui(r) is strictly decreasing for ri < r < ρ. (28)
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By Lemma 4.1, (28) and (27), we have, for all ri < |x| < ρ,
|x|4/(pi−1)ui(x) ≤ C|x|
4/(pi−1)ui(|x|) ≤ Cr
4/(pi−1)
i ui(ri) ≤ CR
4−n
2
i ,
where we used Rτii = 1 + o(1). Thus,
ui(x)
pi−1 ≤ CR−4i |x|
−4 for all ri ≤ |x| ≤ ρ. (29)
Step 2. Let
Liφ(y) :=
∫
B3
Gi(x, z)Ki(z)ui(z)
pi−1φ(z) dz.
Thus
ui = Liui + hi. (30)
SetMi := 4
nA21max∂Bρ ui + 2maxB¯ρ hi, and, with A > 1 being chosen later,
fi(x) := Miρ
δi |x|−δi +Am−λii |x|
4−n+δi ,
φi(x) =
{
fi(x), ri ≤ |x| ≤ ρ,
ui(x), otherwise.
Making use of Proposition 4.1, we have for ri < |x| < ρ that∫
|y|≤ri
ui(y)
pi
|x− y|n−4
dy ≤ CmiU1(m
(pi−1)/4
i x) ≤ Cm
−λi
i |x|
4−n+δi . (31)
Note that for 4 < µ < n and 0 < |x| < 2,∫
B3
Gi(x, y)|y|
−µ dy ≤ A1
∫
Rn
1
|x− y|n−4|y|µ
dy ≤ C
( 1
n− µ
+
1
µ− 4
)
|x|−µ+4.
By (29), one can properly choose 0 < δi = O(R
−4
i ) such that for all ri < |x| < ρ,∫
ri<|y|<ρ
Gi(x, y)Ki(y)ui(y)
pi−1fi(y) dy ≤
1
4
fi(x). (32)
Finally, for every ri < |x| < ρ, by (12) we have∫
ρ≤|y|<3
Gi(x, y)Ki(y)ui(y)
pi−1φi(y) dy ≤ A
2
12
n+4
∫
ρ≤|y|<3
Gi(
ρx
|x|
, y)Ki(y)ui(y)
pi dy
≤ A212
n+4ui(
ρx
|x|
) ≤ 24−nMi, (33)
where we have used (15) at ρx/|x| and the positivity of hi.
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By (31), (32) and (33), we have for ri < |x| < ρ.
Liφi(x) + hi(x) ≤ Cm
−λi
i |x|
4−n+δi +
fi(x)
4
+ 24−nMi +max
B¯ρ
hi ≤ fi(x) = φi(x) (34)
by choosing A large. Choosing A to be larger than the constant C in (29), we have for |x| = ri
fi(x) > Am
−λi
i R
4−n+δi
i m
(pi−1)(n−4−δi)/4
i = AR
4−n+δi
i mi > ui(x).
Thus, using (30), (34), the definition of fi and Mi, and the fact that φi ≥ ui on ∂(Bρ \ Bri), we apply
Lemma 4.2 to obtain
ui(x) ≤ φi(x). (35)
Step 3. By (14), we havemaxB¯ρ hi ≤ A2max∂B¯ρ hi ≤ A2max∂B¯ρ ui. Hence,Mi ≤ Cmax∂Bρ ui.
For ri < θ < ρ, we have, using (35), that
ρ4/(pi−1)Mi ≤ Cρ
4/(pi−1)ui(ρ) ≤ Cθ
4/(pi−1)ui(θ) ≤ Cθ
4/(pi−1){Miρ
δiθ−δi +Am−λii θ
4−n+δi}.
Choose θ = θ(n, ρ,A1, A2, A3) sufficiently small so that
Cθ4/(pi−1)ρδiθ−δi ≤
1
2
ρ4/(pi−1).
Hence, we haveMi ≤ Cm
−λi
i . It follows from (35) that
ui(x) ≤ φi(x) ≤ Cm
−λi
i |x|
−δi +Am−λii |x|
4−n+δi ≤ Cm−λii |x|
4−n+δi .
Lemma 4.4. Under the assumptions in Lemma 4.3, for k < n we have
Ik[u
pi
i ](x) ≤ C

m
n−2k+4
n−4
+o(1)
i , if |x| < ri,
m
−1+o(1)
i |x|
k−n, if ri ≤ |x| < 1,
where
Ik[v](x) =
∫
B1
|x− y|k−nv dy for v ∈ L1(B1). (36)
Proof. Making use of Proposition 4.1 and Lemma 4.3, we have
Ik[ui](x) =
∫
Bri
ui(y)
pi
|x− y|n−k
dy +
∫
B1\Bri
ui(y)
pi
|x− y|n−k
dy
≤ Cm
n−2k+4
n−4
+o(1)
i
∫
BRi
U1(z)
pi dz
|m
(pi−1)/4
i x− z|
n−k
+ Cm
−n+4
n−4
+o(1)
i
∫
B1\Bri
dy
|x− y|n−k|y|n+4
.
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Lemma 4.5. Under the assumptions in Lemma 4.3, we have
τi = O(ui(0)
−2/(n−4)+o(1)), and consequently mτii = 1 + o(1).
Proof. For x ∈ B1, we write equation (15) as
ui(x) = cn
∫
B1
Ki(y)ui(y)
pi
|x− y|n−4
dy + bi(x), (37)
where bi(x) := Q
′
i(x) +Q
′′
i (x) + hi(x),
Q′i(x) : =
∫
B1
(Gi(x, y)− cn|x− y|
4−n)Ki(y)ui(y)
pi dy,
Q′′i (x) : =
∫
B3\B1
Gi(x, y)Ki(y)ui(y)
pi dy.
Notice that
|Gi(x, y)− cn|x− y|
4−n| ≤
C|x|2
|x− y|n−4
+ |a¯i|+ C|x− y|
6−n.
|∇x(Gi(x, y)− cn|x− y|
4−n)| ≤
C|x|2
|x− y|n−3
+
C|x|
|x− y|n−4
+ C|x− y|5−n.
Hence, with Ik[·] denoting the Riesz potential in (36),
|Q′i(x)| ≤ C(|x|
2ui(x) + |ai|‖u
pi
i ‖L1(B1) + I6[u
pi
i ](x)),
|∇Q′i(x)| ≤ C(|x|
2I3 + |x|I4 + I5)[u
pi
i ](x).
By Lemma 4.3, we have ui(x) ≤ Cm
−λi
i for all x ∈ B3/2 \B1/2. Hence, Q
′′
i (x)+hi(x) ≤ ui(x) ≤
Cm
−1+o(1)
i for any x ∈ ∂B1 . It follows from (14) that
max
B¯2
hi(x) ≤ Cmin
∂B1
hi(x) ≤ Cm
−1+o(1)
i , maxB1
|∇hi| ≤ Cmax
B¯2
hi ≤ Cm
−1+o(1)
i .
Since ui is nonnegative, it is easy to check by using (12) that
|Q′′i (x)|+ |∇Q
′′
i (x)| ≤ Cm
−1+o(1)
i for all x ∈ B1.
Applying Proposition 2.3 to (37), we have
τi
∫
B1
ui(x)
pi+1 −A2
∫
B1
|x|ui(x)
pi+1 dx
≤ C
(∫
B1
(|Q′i(x)|+ |x||∇Q
′
i(x))ui(x)
pi +m
−1+o(1)
i
∫
B1
upii +
∫
∂B1
upi+1i ds
)
. (38)
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By Proposition 4.1 and a change of variables,
∫
B1
ui(x)
pi+1 dx ≥ C−1
∫
Bri
mpi+1i
(1 + |m
(pi−1)/4
i y|
2)(n−4)(pi+1)/2
dy ≥ C−1m
τi(1−n/4)
i .
By Proposition 4.1 and Lemma 4.3, we have∫
B1
upii ≤ Cm
−1+O(τi)
i ,
∫
∂B1
upi+1i ds ≤ Cm
−2n/(n−4)+O(τi)
i ,
∫
B1
|x|supi+1i ≤ Cm
−2s/(n−4)+O(τi)
i for − n < s < n, (39)
It follows from Lemma 4.4 that∫
B1
(|Q′i(x)|+ |x||∇Q
′
i(x)|)ui(x)
pi+1 dx ≤ Cm
−2/(n−4)+O(τi)
i .
The lemma follows after inserting the above inequalities to (38).
Lemma 4.6. For −4 < s < 4, we have, as i→∞,
m
1+ 2s
n−4
i
∫
Bri
|y|sui(y)
pi dy →
∫
Rn
|z|s(1 + |z|2)−
n+4
2 dz,
m
1+ 2s
n−4
i
∫
B1\Bri
|y|sui(y)
pi dy → 0.
Proof. The first assertion follows from Proposition 4.1 and Lemma 4.5 as we computed before.
By Lemma 4.3 and Lemma 4.5, we have∫
ri≤|y|<1
|y|sui(y)
pi dy ≤ Cm
−1− 2s
n−4
i R
s−4
i .
Thus the second convergence result in the lemma follows.
Proposition 4.3. Under the assumptions in Lemma 4.3, we have
ui(x) ≤ Cu
−1
i (0)|x|
4−n for all |x| ≤ 1.
Proof. For |x| ≤ ri, the proposition follows immediately from Proposition 4.1 and Lemma 4.5.
Since ui(x) ≤ A3|x|
−4/(pi−1) in B2, it follows from Proposition A.1 that for any 0 < ε < 1 there
exists a positive constant C(ε), depending only on n,A1, A2, A3 and ε, such that
sup
B3/2\Bε
ui ≤ C(ε) inf
B3/2\Bε
ui. (40)
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For any given unit vector e, Let ϕi(x) = ui(ρe)
−1ui(x). Since ϕi(ρe) = 1, by (40)
‖ϕi‖L∞(B3/2\Bε) ≤ C(ε) for 0 < ε < 1. (41)
By (15), ϕi satisfies
ϕi(x) =
∫
B3/2
Gi(x, y)Ki(y)ui(ρe)
pi−1ϕi(y)
pi dy + h˜i(x),
where h˜i(x) =
∫
B3\B3/2
Gi(x, y)Ki(y)ui(ρe)
pi−1ϕi(y)
pi dy + ui(ρe)
−1hi(x). By (12) and (14),
5∑
k=1
‖∇kh˜i‖L∞(B1) ≤ C‖h˜i‖L∞(B5/4) ≤ Ch˜i(ρe) ≤ C. (42)
By Lemma 4.3, ui(ρe)
pi−1 → 0 as i → ∞. Applying Proposition A.2 to ϕi and making use of (12),
(13), (42) and (41), we have
‖ϕi‖C4(B1\Bε) ≤ C(ε) for 0 < ε < 1.
It follows, after passing to a subsequence, that
h˜i → h in C
4(B1), ϕi → ϕ in C
3
loc(B1 \ {0})
for some h ∈ C5(B1) and ϕ ∈ C
4(B1 \ {0}). Since 0 is an isolated simple blow up point of {ui}
∞
i=1,
we have r
n−4
2 ϕ¯(r) ≥ ρ
n−4
2 ϕ¯(ρ) for 0 < r < ρ, where ϕ¯(r) = 1|∂Br |
∫
∂Br
ϕdS. By (40),
ϕ¯(r) ≥
1
C
r−
2−n
2 . (43)
It follows that∫
B3/2
Gi(x, y)Ki(y)ui(ρe)
pi−1ϕi(y)
pi dy = ϕi(x)− h˜i(x)→ ϕ(x)− h(x) (44)
in C3loc(B1 \ {0}). For |x| > 0, let 0 < ri ≤ ε <
1
2 |x|. By (41), Lemma 4.5 and Lemma 4.6, we have∫
B1
Gi(x, y)Ki(y)ui(ρe)
pi−1ϕi(y)
pi dy =
∫
Bε
Gi(x, y)Ki(y)ui(ρe)
pi−1ϕi(y)
pi dy + o(1)
= Gi(x, 0)ui(ρe)
−1
∫
Bri
ui(y)
pi dy +O(mi)
∫
Bε\Bri
ui(y)
pi dy +O(mi)
∫
Bε
|y|ui(y)
pi dy
= Gi(x, 0)
∫
Rn
(
1
1+|y|2
)n+4
2
dy + o(1)
ui(ρe)ui(0)
+ o(1).
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By (12), after passing to a subsequence, Gi(x, 0) converges in C
5
loc(B1 \ {0}) to some positive function
G∞(x, 0) as i → ∞. By (43) and (42), ϕ(x¯) − h(x¯) ≥
1
C > 0 at some point x¯ ∈ B1. It follows from
(44) that
ui(ρe)ui(0) →
1
ϕ(x¯)− h(x¯)
G∞(x¯, 0)
∫
Rn
(
1
1 + |y|2
)n+4
2
dy as i→∞.
Therefore, we have
ui(ρe)ui(0) ≤ C ∀ |e| = 1. (45)
It follows from Proposition A.1 and (45) that Proposition 4.3 holds for ρ ≤ |x| ≤ 1. To establish the
inequality in the Proposition for ri ≤ |x| ≤ ρ, it suffices to rescale and reduce the problem to the case
|x| = 1.
Proposition 4.4. Under the assumptions in Lemma 4.3, we have, with k = 1, . . . , 4,
|∇kui(x)| ≤ Cu
−1
i (0)|x|
4−n−k, for all ri ≤ |x| ≤ 1.
Proof. Since 0 is an isolated blow up point in B2, by Proposition A.1 we see that Proposition 4.3 holds
for all |x| ≤ 32 . For any ri ≤ |x| < 1, let ϕi(z) =
(
|x|
4
) 4
pi−1ui(x+
|x|
4 z). By the equation of ui, we have
ϕi(z) =
∫
{y:|x+
|x|
4
y|≤3}
G˜i(z, y)K˜i(y)ϕi(y)
pi−1ϕi(y) dy + h˜i(z),
where G˜i(z, y) = (
|x|
4 )
n−4Gi(x+
|x|
4 z, x+
|x|
4 y), K˜i(y) = Ki(x+
|x|
4 y), and h˜i(z) = (
|x|
4 )
4
pi−1hi(x+
|x|
4 z). Since 0 is an isolated blow up point of ui, we have ϕi(z)
pi−1 ≤ Api−12 for all |z| ≤ 1. Since
ϕi, G˜i, K˜i and h˜i are nonnegative, by Proposition A.2 we have
|∇kϕi(0)| ≤ C(‖ϕi‖L∞(B1) + ‖h˜i‖C4(B1)).
This gives
(
|x|
4
)k|∇kui(x)| ≤ C‖ui‖L∞(B |x|
4
(x)) + Cm
−1
i ≤ Cui(0)
−1|x|4−n.
Remark 4.2. From the proof of Proposition 4.3, it is easy to see that
ui(0)ui(x)→ aG∞(x, 0) + h(x) in C
3
loc(B1 \ {0}),
where
a =
∫
Rn
(1 + |y|2)−
n+4
2 dy, (46)
and h ∈ C5(B1) satisfies (14) with A2 replaced by some C depending only on n,A1, A2, A3 and ρ.
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5 Expansions of blow up solutions of integral equations
In this section, we are interested in stronger estimates than that in Proposition 4.3. To make statements
closer to the main goal of the paper, we restrict our attention to a special class of functions Ki. Namely,
given pi, Gi, and hi satisfying (11), (12) and (14) respectively, κi satisfying (13) with Ki replaced by
κτii , let 0 ≤ ui ∈ C
4(B3) be a solution of
ui(x) =
∫
B3
Gi(x, y)κi(y)
τiupii (y) dy + hi(x) in B3. (47)
We also assume that
∇κi(0) = 0. (48)
Suppose that 0 is an isolated simple blow up point of {ui} with ρ = 1, i.e.,
ui(x) ≤ A3|x|
−4/(pi−1) for all x ∈ B2. (49)
and r4/(pi−1)u¯i(r) has precisely one critical point in (0, 1). Let us first introduce a non-degeneracy result.
Lemma 5.1. For 0 < σ < n/2, let v ∈ L∞loc(R
n), v(x) ≤ C(1 + |x|)t for some t < 2σ and C > 0, be a
solution of
v(x) = 22σ
Γ(1 + n2 + σ)
Γ(1 + n2 − σ)
Nσ
∫
Rn
Uσ,1(y)
4σ
n−2σ v(y)
|x− y|n−2σ
dy,
where Nσ :=
Γ(n+2σ
2
)
22σπ
n
2 Γ(σ)
and Uσ,1 = (1 + |x|
2)−
n−2σ
2 . Then for some constants a0, . . . , an,
v(z) = a0
(
n− 4
2
Uσ,1(z) + z · ∇Uσ,1(z)
)
+
n∑
j=1
aj∂jUσ,1(z).
Proof. When 0 < σ < 1, the lemma was proved by Da´vila-del Pino-Sire [11]. When σ ≥ 1, the proof
is similar. Since v(x) ≤ C(1 + |x|)t for some t < 2σ and C > 0, we have, using the integral equation,
|v(x)| ≤ C(1 + |x|)2σ−n. Let F : Rn → Sn \ {N}, F (x) = ( 2x
1+|x|2
, 1−|x|
2
1+|x|2
) denote the inverse of
the stereographic projection and h(F (x)) := v(x)JF (x)
−n−2σ
2n , where JF = (
2
1+|x|2
)n is the Jacobian
determinant of F and N is the north pole. It follows that h ∈ L∞(Sn) and satisfies
Lσh(ξ) := Nσ
∫
Sn
|ξ − η|2σ−nh(η) dη =
Γ(1 + n2 − σ)
Γ(1 + n2 + σ)
h(ξ).
By the regularity theory for Riesz potentials, h ∈ C∞(Sn). By Beckner [2], LσY
(k) =
Γ(k+n
2
−σ)
Γ(k+n
2
+σ)Y
(k)
for every spherical harmonics Y (k) of degree k. It follows that h has to be a linear combination of the
spherical harmonics of degree one on Sn. Transforming h back to Rn, we complete the proof.
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In view of Corollary 2.2, we assume in this and next section that
Uλ(x) =
∫
B3
Gi(x, y){Uλ(y)
n+4
n−4 + c′λ,i(y)Uλ(y)}dy + c
′′
λ,i(x) ∀ λ ≥ 1, x ∈ B3, (50)
where c′λ,i, c
′′
λ,i ∈ C
5(B3) satisfy
Θi :=
5∑
k=0
‖λ−k∇kc′λ,i‖L∞(B2) ≤ A2, (51)
and ‖c′′λ,i‖C5(B2) ≤ A2λ
4−n
2 , respectively.
Lemma 5.2. Let 0 ≤ ui ∈ C
4(B3) be a solution of (47) and 0 be an isolated simple blow up point of
{ui} with some constant ρ, say ρ = 1. Suppose (50) holds and let Θi be defined in (51). Then we have
|ϕi(z)− U1(z)| ≤ C


max{τi,m
−2
i }, if 5 ≤ n ≤ 7,
max{τi,Θim
−2
i logmi,m
−2
i }, if n = 8,
max{τi,Θim
− 8
n−4
i ,m
−2
i }, if n ≥ 9,
∀ |z| ≤ m
pi−1
4
i ,
where ϕi(z) =
1
mi
ui(m
−
pi−1
4
i z),mi = ui(0), and C > 0 depends only on n,A1, A2 and A3.
Proof. For brevity, set ℓi = m
pi−1
4
i . By the equation satisfied by ui, we have
ϕi(z) =
∫
Bℓi
Gi,ℓ−1i
(z, y)κ˜i(y)
τiϕi(y)
pi dy + h¯i(z), (52)
where Gi,ℓ−1i
(z, y) = ℓ4−ni Gi(ℓ
−1
i x, ℓ
−1
i y), κ˜i(z) = κi(ℓ
−1
i z), and h¯i(z) = m
−1
i h˜i(ℓ
−1
i z) with
h˜i(x) =
∫
B3\B1
Gi(x, y)κi(y)
τiui(y)
pi dy + hi(x).
Since 0 is an isolated simple blow up point of ui, by Proposition 4.3 we have
ui(x) ≤ Cm
−1
i |x|
4−n for |x| < 1. (53)
It follows that h˜i(x) ≤ Cm
−1
i for x ∈ B1 and h¯i(z) ≤ Cm
−2
i for z ∈ Bℓi .
Notice that Uℓi(x) ≤ Cm
−1
i for 1 ≤ |x| ≤ 3. Let z = ℓix. By (50) with λ = ℓi we have for |z| ≤ ℓi
U1(z) =
∫
Bℓi
Gi,ℓ−1i
(z, y)(U1(y)
n+4
n−4 +m
− 8
n−4
i c
′
ℓi,i(ℓ
−1
i y)U1(y)) dy +O(m
−2
i )
=
∫
Bℓi
Gi,ℓ−1i
(z, y)(κ˜i(y)
τiU1(y)
pi + Ti(y)) dy +O(m
−2
i ), (54)
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where we used mτii = 1 + o(1), and
Ti(y) := U1(y)
n+4
n−4 − κ˜i(y)
τiU1(y)
pi +m
− 8
n−4
i c
′
ℓi,i(ℓ
−1
i y)U1(y). (55)
Here and throughout this section,O(m−2i ) denotes some function fi satisfying ‖∇
kfi‖B(1−ε)ℓi ≤ C(ε)m
−2− 2k
n−4
i
for small ε > 0 and k = 0, . . . , 5.
In the following, we adapt some arguments from Marques [42] for the Yamabe equation; see also the
proof of Proposition 2.2 of Li-Zhang [37]. Let
Λi = max
|z|≤ℓi
|ϕi − U1|.
By (53), for any 0 < ε < 1 and εℓi ≤ |z| ≤ ℓi, we have |ϕi(z) − U1(z)| ≤ C(ε)m
−2
i , where we used
mτii = 1+o(1). Hence, we may assume that Λi is achieved at some point |zi| ≤
1
2ℓi, otherwise the proof
is finished. Set
vi(z) =
1
Λi
(ϕi(z)− U1(z)).
It follows from (52) and (54) that vi satisfies
vi(z) =
∫
Bℓi
Gi,ℓ−1i
(z, y)(bi(y)vi(y) +
1
Λi
Ti(y)) dy +
1
Λi
O(m−2i ), (56)
where
bi = κ˜
τi
i
ϕpii − U
pi
1
ϕi − U1
. (57)
Since
Gi,ℓ−1i
(z, y) ≤ A1|z − y|
4−n
and
|Ti(y)| ≤ Cτi(| logUi|+ | log κ˜i|)(1 + |y|)
−pi(n−4) +Θim
− 8
n−4
i (1 + |y|)
4−n, (58)
we obtain ∫
Bℓi
Gi,ℓ−1i
(z, y)|Ti(y)|dy ≤ C(τi +Θiαi) for |z| ≤
ℓi
2
,
where
αi =


m−2i , if 5 ≤ n ≤ 7,
m−2i logmi, if n = 8,
m
− 8
n−4
i , if n ≥ 9.
(59)
Since κi(x) is bounded and ϕi ≤ CU1, we see that
|bi(y)| ≤ CU1(y)
pi−1 ≤ C(1 + |y|)−7.5, y ∈ Bℓi . (60)
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Noticing that ‖vi‖L∞(Bℓi ) ≤ 1, we have∫
Bℓi
Gi,ℓ−1i
(z, y)|bi(y)vi(y)|dy ≤ C(1 + |z|)
−min{n−4,3.5}.
Hence, we obtain
vi(z) ≤ C((1 + |z|)
−min{n−4,3.5} +
1
Λi
(τi +Θiαi +m
−2
i )) for |z| ≤
ℓi
2
. (61)
Suppose by contradiction that 1Λi max{τi,Θiαi,m
−2
i } → 0 as i→∞. Since v(zi) = 1, by (61) we
see that |zi| ≤ C. Differentiating the integral equation (56) up to three times, together with (58) and (60),
we see that the C3 norm of vi on any compact set is uniformly bounded. By the Arzela`-Ascoli theorem
let v := limi→∞ vi after passing to a subsequence. Using Lebesgue’s dominated convergence theorem,
we obtain
v(z) = cn
∫
Rn
U1(y)
8
n−4 v(y)
|z − y|n−4
dy.
It follows from Lemma 5.1 that
v(z) = a0(
n− 4
2
U1(z) + z · ∇U1(z)) +
n∑
j=1
aj∂jU1(z),
where a0, . . . , an are constants. Since v(0) = 0 and ∇v(0) = 0, v has to be zero. However, v(zi) = 1.
We obtain a contradiction. Therefore, Λi ≤ C(τi + αi) and the proof is completed.
Lemma 5.3. Under the same assumptions as in Lemma 5.2, we have
τi ≤ C


m−2i , if 5 ≤ n ≤ 7,
max{Θim
−2
i logmi,m
−2
i }, if n = 8,
max{Θim
− 8
n−4
i ,m
−2
i }, if n ≥ 9.
Proof. The proof is also by contradiction. Recall the definition of αi in (59). Suppose by contradiction
that 1τi max{Θiαi,m
−2
i } → 0 as i→∞. Set
vi(z) =
ϕi(z)− U1(z)
τi
.
It follows from Lemma 5.2 that |vi(z)| ≤ C in Bℓi , where ℓi = m
pi−1
4
i . As (56), we have
vi(z) =
∫
Bℓi
Gi,ℓ−1i
(z, y)(bi(y)vi(y) +
1
τi
Ti(y)) dy +
1
τi
O(m−2i ), (62)
where bi and Ti are given by (57) and (55), respectively.
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By the estimates (60) and (58) for bi and Ti respectively, we conclude from the integral equation
that ‖vi‖C3 is uniformly bounded over any compact set. It follows that vi → v in C
2
loc(R
n) for some
v ∈ C3(Rn).
Multiplying both sides of (62) by bi(z)φ(z), where φ(z) =
n−4
2 U1(z) + z · ∇U1(z), and integrating
over Bℓi , we have, using the symmetry of Gi,ℓ−1i
in y and z,
∫
Bℓi
bi(z)vi(z)
(
φ(z)−
∫
Bℓi
Gi,ℓ−1i
(z, y)bi(y)φ(y) dy
)
dz
=
1
τi
∫
Bℓi
Ti(z)
∫
Bℓi
Gi,ℓ−1i
(z, y)bi(y)φ(y) dy dz +
1
τi
O(m−2i )
∫
Bℓi
bi(z)φ(z) dz.
As i→∞, we have
∫
Bℓi
Gi,ℓ−1i
(z, y)bi(y)φ(y) dy → cn
∫
Rn
U1(y)
8
n−4φ(y)
|z − y|n−4
dz = φ(z),
1
τi
O(m−2i )
∫
Bℓi
bi(z)φ(z) dz → 0 by the contradiction hypothesis,
and
Ti(z)
τi
→ (logU1(z))U1(z)
n+4
n−4 .
Hence, by Lebesgue’s dominated convergence theorem we obtain
lim
i→∞
1
τi
∫
Bℓi
Ti(z)
∫
Bℓi
Gi,ℓ−1i
(z, y)bi(y)φ(y) dy dz =
∫
Rn
φ(z)(logU1(z))U1(z)
n+4
n−4dz = 0.
This is impossible, because
∫
Rn
φ(z)(log U1(z))U1(z)
n+4
n−4dz =
(n− 4)2|Sn−1|
4
∫ ∞
0
(r2 − 1)rn−1
(1 + r2)n+1
log(1 + r2) dr
=
(n− 4)2|Sn−1|
2
∫ ∞
1
(r2 − 1)rn−1
(1 + r2)n+1
log r dr > 0,
where we used∫ 1
0
(r2 − 1)rn−1
(1 + r2)n+1
log(1 + r2) dr = −
∫ ∞
1
(s2 − 1)sn−1
(1 + s2)n+1
(log(1 + s2)− log s2) ds
by the change of variable r = 1s .
We obtain a contradiction and thus τi ≤ αi. Therefore, the lemma is proved.
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Proposition 5.1. Under the hypotheses in Lemma 5.2, we have
|ϕi(z)− U1(z)| ≤ C


m−2i , if 5 ≤ n ≤ 7,
max{Θim
−2
i logmi,m
−2
i }, if n = 8,
max{Θim
− 8
n−4
i ,m
−2
i }, if n ≥ 9,
∀ |z| ≤ m
pi−1
4
i .
Proof. It follows immediately from Lemma 5.2 and Lemma 5.3.
Proposition 5.2. Under the hypotheses in Lemma 5.2, we have, for every |z| ≤ m
pi−1
4
i ,
|ϕi(z) − U1(z)| ≤ C

max{Θim
−2
i m
2
n−4
i (1 + |z|)
−1,m−2i }, if n = 8,
max{Θim
−2
i m
2(n−8)
n−4
i (1 + |z|)
8−n,m−2i }, if n ≥ 9.
Proof. Let αi be defined in (59). We may assume that
m−2i
Θiαi
→ 0 as i → ∞ for n ≥ 8; otherwise the
proposition follows immediately from Proposition 5.1. Set
α′i =

m
−2
i m
2
n−4
i , if n = 8,
m−2i m
2(n−8)
n−4
i , if n ≥ 9,
and
vi(z) =
ϕi(z)− U1(z)
Θiα′i
, |z| ≤ m
pi−1
4
i .
Since
m−2i
Θiαi
→ 0, it follows from Proposition 5.1 that |vi| ≤ C . Since 0 < ϕi ≤ CU1, we only need to
prove the proposition when |z| ≤ 12ℓi, where ℓi = m
pi−1
4
i . Similar to (56), vi now satisfies
vi(z) =
∫
Bℓi
Gi,ℓ−1i
(z, y)(bi(y)vi(y) +
1
Θiα
′
i
Ti(y)) dy +
1
Θiα
′
i
O(m−2i ),
where bi and Ti are given by (57) and (55), respectively. Noticing that
|Ti(y)| ≤ Cτi(| logU1|+ | log κ˜i|)(1 + |y|)
−4−n +m
− 8
n−4
i Θi(1 + |y|)
4−n,
we have
1
Θiα
′
i
∫
Bℓi
Gi,ℓ−1i
(z, y)|Ti(y)|dy ≤ C
∫
Bℓi
1
|z − y|n−4(1 + |y|)4m
2
n−4
i
dy
≤ C
∫
Bℓi
1
|z − y|n−4(1 + |y|)5
dy ≤ C(1 + |z|)−1 for n = 8,
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1
Θiα
′
i
∫
Bℓi
Gi,ℓ−1i
(z, y)|Ti(y)|dy ≤ C(1 + |z|)
8−n for n ≥ 9.
Thus
|vi(z)| ≤ C((1 + |z|)
−3.5 + (1 + |z|)−1) for n = 8,
|vi(z)| ≤ C((1 + |z|)
−3.5 + (1 + |z|)8−n) for n ≥ 9.
If n = 8, 9, 10, 11, the conclusion follows immediately from multiplying both sides of the above in-
equalities by α′i. If n ≥ 12, the above estimate gives |vi(z)| ≤ C(1 + |z|)
−3.5. Plugging this estimate to
the term
∫
Gi,ℓ−1i
(z, y)bi(y)vi(y) dy yields |vi(z)| ≤ C(1 + |z|)
8−n as long as n ≤ 14. Repeating this
process, we complete the proof.
Corollary 5.1. Under the hypotheses in Lemma 5.2, we have, for |z| ≤ m
pi−1
4
i , k = 1, 2, 3, 4,
|∇k(ϕi − U1)(z)|
≤ C(1 + |z|)−k


m−2i , if 5 ≤ n ≤ 7,
max{Θim
−2
i m
2
n−4
i (1 + |z|)
−1,m−2i }, if n = 8,
max{Θim
−2
i m
2(n−8)
n−4
i (1 + |z|)
8−n,m−2i }, if n ≥ 9.
Proof. Considering the integral equation of vi = ϕi − U1, the conclusion follows immediately. Indeed,
if k < 4, we can differentiate the integral equation for vi directly. If k = 4, we can use a standard
technique (see the proof of Proposition A.2) for proving the higher order regularity of Riesz potential
since vi and the coefficients are of C
1.
6 Blow up local solutions of fourth order equations
In the previous two sections, we have analyzed the blow up profiles of the blow up local solutions of
integral equations. In this section, we will assume that those blow up solutions also satisfy differential
equations, which is only used to check the Pohozaev identity in Proposition 2.2. It should be possible
to completely avoid using differential equations after improving Corollary 2.1. This is the case on the
sphere; see our joint work with Jin [27]. On the other hand, as mentioned in the Introduction, without ad-
ditional information fourth order differential equations themselves are not enough to do blow up analysis
for positive local solutions.
Proposition 6.1. In addition to the hypotheses in Lemma 5.2, assume that ui also satisfies
Pgiui = c(n)κ
τi
i u
pi
i in B3, (63)
where det gi = 1, B3 is a normal coordinates chart of gi at 0 and ‖gi‖C10(B3) ≤ A1. Let
Gi :=
∑
k≥1, 2≤k+l≤4
Θi‖∇
kgi‖
l
L∞(B3)
+
∑
k≥1, 6≤k+l≤8
‖∇kgi‖
l
L∞(B3)
,
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βi :=


(logmi)
−1, if n = 8,
m
− 2
n−4
i , if n = 9,
m
− 4
n−4
i logmi, if n = 10,
m
− 4
n−4
i , if n ≥ 11.
Then, after passing to a subsequence, there exists C∗ > 0 depending only on n,A1, A2, A3 such that
(i) If either n ≤ 9 or gi is flat, we have, with Γ(·) = limi→∞ ui(0)ui(·) as in Remark 4.2,
lim inf
r→0
P(r,Γ) ≥ 0. (64)
(ii) (64) still holds if n ≥ 10 and
|Wgi(0)|
2 > C∗Giβi. (65)
(iii)
|Wgi(0)|
2 ≤ C∗βi


Gi + 1, if n = 8, 9,
Gi + (logmi)
−1, if n = 10,
Gi +m
− 2(n−10)
n−4
i , if n ≥ 11.
Proof. Notice that for every 0 < r < 1
m2iP(r, ui)→ P(r,Γ) as i→∞.
By Proposition 2.2, (10) holds with u = ui,
E(ui) : = Pgiui −∆
2ui
=
n− 4
2
Qgiui + f
(1)
i,k ∂kui + f
(2)
i,kl∂klui + f
(3)
i,kls∂klsui + f
(4)
i,klst∂klstui,
|f
(1)
i,k (x)|+ |f
(2)
i,kl(x)|+ ||x|
−1f
(3)
i,kls(x)|+ ||x|
−2f
(4)
i,klst(x)| ≤ C
∑
k≥1,2≤k+1≤4
‖∇kgi‖
l
L∞(Bδ)
, (66)
N (r, ui) =
c(n)τi
pi + 1
∫
Br
(
n− 4
2
κτii + x
k∂kκiκ
τi−1
i )u
pi+1
i −
r
pi + 1
∫
∂Br
c(n)κτii u
pi+1
i .
By Proposition 4.3, for 0 < r < 1 we have, for some C > 0 independent of i and r,
m2iN (r, ui) ≥ −
m2i r
pi + 1
∫
∂Br
c(n)κτii u
pi+1
i ≥ −Cr
−nm1−pii , (67)
where we used the facts that κi(x) = 1 + O(|x|
2) and |∇κi(x)| = O(|x|) with O(·) independent of i.
Hence, we have
lim inf
i→∞
m2iN (r, ui) ≥ 0. (68)
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Throughout this section, unless otherwise stated, we use C to denote some constants independent of
i and r.
If gi is flat, we complete the proof because E(ui) = 0.
Now we assume gi is not flat. By a change of variables z = ℓix with ℓi = m
pi−1
4
i , we have
Ei(r) : = m
2
i
∫
Br
(xk∂kui +
n− 4
2
ui)E(ui) dx
= m2im
2+(4−n)
pi−1
4
i
∫
Bℓir
(
zk∂kϕi +
n− 4
2
ϕi
)
·
(n− 4
2
ℓ−4i Qgi(ℓ
−1
i z)ϕi +
4∑
j=1
ℓ−4+ji f
(j)
i (ℓ
−1
i z)∇
jϕi
)
dz,
where ϕi(z) = m
−1
i ui(m
−
pi−1
4
i z), f
(1)
i (ℓ
−1
i z)∇
1ϕi = f
(1)
i,k (ℓ
−1
i z)∂kϕi and f
(j)
i (ℓ
−1
i z)∇
jϕi is defined
in the same fashion for j 6= 1. Define
Eˆi(r) : = m
2
im
2+(4−n)
pi−1
4
i
∫
Bℓir
(
zk∂kU1 +
n− 4
2
U1
)
·
(n− 4
2
ℓ−4i Qgi(ℓ
−1
i z)U1 +
4∑
j=1
ℓ−4+ji f
(j)
i (ℓ
−1
i z)∇
jU1
)
dz.
Notice that m
2+(4−n)
pi−1
4
i = 1 + o(1), and Qg˜ = O(1). By Proposition 5.1, Proposition 5.2, Corollary
5.1, (66), we have
|Ei(r)− Eˆi(r)|
≤ C
∑
k≥1, 2≤k+l≤4
‖∇kgi‖
l
L∞(B3)
m2im
− 4
n−4
i
∫
Bℓir
4∑
j=0
|∇j(ϕi − U1)|(z)(1 + |z|)
2−n+j dz
≤ C
∑
k≥1, 2≤k+l≤4
‖∇kgi‖
l
L∞(B3)


r2, if n = 5, 6, 7,
Θir + r
2, if n = 8, 9,
Θi log(rmi) + r
2, if n = 10,
Θim
2(n−10)
n−4
i + r
2, if n ≥ 11.
(69)
Now we estimate Eˆi(r).
If n = 5, 6, 7, we have
Eˆi(r) = m
2+(n−4)τi
i
∫
Br
(xk∂kUℓi +
n− 4
2
Uℓi)E(Uℓi) dx
= m
2+(n−4)τi
i
∫
Br
(xk∂kUℓi +
n− 4
2
Uℓi)(Pgi −∆
2)Uℓi dx
= O(1)m2i
∫
Br
|xk∂kUℓi +
n− 4
2
Uℓi |Uℓi dx,
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where we have used the estimate (Pgi −∆
2)Uℓi = O(1)Uℓi because of (9), and
||x|k∇kxUℓi(x)| ≤ C(n, k)Uℓi(x) for k ∈ N.
Hence,
|Eˆi(r)| ≤ Cr
8−n ≤ Cr. (70)
Therefore, (64) follows from (68), (69) and (70) when n = 5, 6, 7.
If n ≥ 8, by Lemma 2.1 we have
Eˆi(r) =−
2
n
γi
∫
Bℓir
(s∂sU1 +
n− 4
2
U1)(c
∗
1s∂sU1 + c
∗
2s
2∂ssU1) dz
−
32(n − 1)γi
3(n− 2)n2
∫
Bℓir
(s∂sU1 +
n− 4
2
U1)s
2(∂ssU1 −
∂sU1
s
) dz
+ (n− 4)γi
∫
Bℓir
(s∂sU1 +
n− 4
2
U1)U1 dz +O(α
′′
i )
∑
k≥1, 6≤k+l≤8
‖∇kgi‖
l
L∞(B3)
,
where we have used the cancellation that those terms involving homogeneous polynomials of odd degrees
are canceled, s = |z|, γi =
m
2(n−8)
n−4 +(n−4)τi
i |Wgi(0)|
2
24(n−1) ≥ 0,
α′′i =
∫
Br
|x|2Uℓi(x)
2 dx = O(1)


r10−n, if n = 8, 9,
log rmi, if n = 10,
m
2(n−10)
n−4
i , if n ≥ 11,
and c∗1, c
∗
2 are given in Lemma 2.1. By direct computations,
r∂rU1 +
n− 4
2
U1 =
n− 4
2
1− r2
(1 + r2)
n−2
2
,
c∗1r∂rU1 + c
∗
2r
2∂rrU1 = (4− n)
(c∗1 + c
∗
2)r
2
(1 + r2)
n−2
2
+ (4− n)(2− n)
c∗2r
4
(1 + r2)
n
2
= (4− n)
(c∗1 + c
∗
2)r
2 + (c∗1 + (3− n)c
∗
2)r
4
(1 + r2)
n
2
,
∂rrU1 −
∂rU1
r
= (n− 4)(n − 2)(1 + r2)
−n
2 r2.
Thus
Eˆi(r) =
(n− 4)2
n
γi|S
n−1|Ji +O(α
′′
i )
∑
k≥1, 6≤k+l≤8
‖∇kgi‖
l
L∞(B3)
,
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where
Ji :=
∫ ℓir
0
(1− s2)[n2 + (c
∗
1 + c
∗
2 + n)s
2 + (c∗1 + (3− n)c
∗
2 −
16(n−1)
3n +
n
2 )s
4]sn−1
(1 + s2)n−1
ds.
If n = 8, we have −(c∗1 + (3 − n)c
∗
2 +
n
2 ) = (2n − 12) +
14
3 − 4 =
14
3 . Since
∫ ℓir
0
s13
(1+s2)7 ds→∞ as
ℓi →∞, Hence, Ji →∞ as i→∞. For n ≥ 9, we notice that for positive integers 2 < m+ 1 < 2k,∫ ∞
0
tm
(1 + t2)k
dt =
m− 1
2k −m− 1
∫ ∞
0
tm−2
(1 + t2)k
dt.
If ℓir =∞, we have
Ji =
{
−
2n
n− 4
− (c∗1 + c
∗
2 + n)
8n
(n− 6)(n − 4)
− (c∗1 + (3− n)c
∗
2 −
16(n − 1)
3n
+
n
2
)
12n(n+ 2)
(n − 8)(n − 6)(n− 4)
}∫ ∞
0
sn−1
(1 + s2)n−1
ds.
We compute the coefficients of the integral,
−
2n
n− 4
− (c∗1 + c
∗
2 + n)
8n
(n− 6)(n − 4)
− (c∗1 + (3− n)c
∗
2 −
16(n − 1)
3n
+
n
2
)
12n(n + 2)
(n− 8)(n − 6)(n − 4)
=
2n
n− 4
{
− 1 + (
n(n− 2)
2
− 8)
4
(n − 6)
+ (
3n
2
+
16(n − 1)
3n
− 12)
6(n + 2)
(n − 8)(n − 6)
}
=
2n
n− 4
{2n2 − 5n− 26
n− 6
+
9(n + 2)
(n− 6)
+
32(n − 1)(n + 2)
n(n− 8)(n − 6)
}
≥
4n(n2 + 2n − 4)
(n− 4)(n − 6)
> 0.
Therefore, for any 0 < r < 1 and sufficiently large i (the largeness of i may depend on r), we have
Ji ≥ 1/C(n) > 0.
In conclusion, we obtain
Eˆi(r) ≥


1
C |Wgi(0)|
2 logmi −O(α
′′
i )
∑
k≥1, 6≤k+l≤8 ‖∇
kgi‖
l
L∞(B3)
, if n = 8,
1
C |Wgi(0)|
2m
2(n−8)
n−4
i −O(α
′′
i )
∑
k≥1, 6≤k+l≤8 ‖∇
kgi‖
l
L∞(B3)
, if n ≥ 9.
(71)
Combing (69) and (71), we see that
Ei(r) ≥ Eˆi(r)− |Ei(r)− Eˆi(r)| ≥
1
C
|Wgi(0)|
2 logmi −O(r) (72)
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if n = 8; and
Ei(r) ≥
1
C
|Wgi(0)|
2m
2(n−8)
n−4
i −O(α
′′
i )Gi −O(r) (73)
if n ≥ 9, where O(r) = 0 if n ≥ 10. When n = 8, 9, by (72) and (73) we have m2iP(r, ui) =
m2iN (r, ui) + Ei(r) ≥ m
2
iN (r, ui) − O(r). By (68) we have P(r,Γ) ≥ −Cr. Thus (64) follows and
the conclusion (i) is proved.
If n ≥ 10 and |Wgi(0)|
2 satisfies (65) for large C∗ > 0, by (73) we see that
Ei(r) ≥
1
2C
|Wgi(0)|
2m
2(n−8)
n−4
i ≥ 0.
Hence,m2iP(r, ui) = m
2
iN (r, ui) + Ei(r) ≥ m
2
iN (r, ui) and the conclusion (ii) follows from (68).
When r ≤ 12 , by Remark 4.2 we have P(r,Γ) ≤ C for someC > 0 depending only on n,A1, A2, A3.
It follows that Ei(r) ≤ C −m
2
iN (r, ui). Then (iii) follows immediately from (72), (73) and (67).
Proposition 6.2. Given pi, Gi, and hi satisfying (11), (12) and (14) respectively, κi satisfying (13) with
Ki replaced by κi, let 0 ≤ ui ∈ C
4(B3) solve both (47) and (63), and assume (50) holds. Suppose that
0 is an isolated blow up point of {ui} with (49) holds. Then 0 is an isolated simple blow up point, if one
of the three cases occurs: (i) gi is flat, (ii) n ≤ 9, (iii) n ≥ 10 and (65) holds.
Proof. By Proposition 4.1, r4/(pi−1)ui(r) has precisely one critical point in the interval 0 < r < ri,
where Ri → ∞ ri = Riui(0)
−
pi−1
4 as in Proposition 4.1. Suppose by contradiction that 0 is not an
isolated simple blow up point and let µi be the second critical point of r
4/(pi−1)ui(r). Then we must
have
µi ≥ ri, lim
i→∞
µi = 0.
Set vi(x) = µ
4/(pi−1)
i ui(µix) for x ∈ B3/µi . By the assumptions of Proposition 4.1, vi satisfies
vi(x) =
∫
B3/µi
G˜i(x, y)κ˜i(y)
τivi(y)
pi dy + h˜i(x)
lim
i→∞
vi(0) =∞, |x|
4/(pi−1)vi(x) ≤ A3 for |x| < 2/µi →∞,
r4/(pi−1)vi(r) has precisely one critical point in 0 < r < 1,
and ddr
{
r4/(pi−1)vi(r)
} ∣∣∣
r=1
= 0, where G˜i = Gi,µi , κ˜i(y) = κi(µiy), h˜i(x) = µ
4/(pi−1)
i hi(µix) and
vi(r) = |∂Br|
−1
∫
∂Br
vi. Therefore, 0 is an isolated simple blow up point of {vi}.
Claim. We have
vi(0)vi(x)→
acn
|x|n−4
+ acn in C
3
loc(R
n \ {0}), (74)
where a > 0 is given in (46).
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First of all, by Proposition 4.3 we have h˜i(e) ≤ vi(e) ≤ Cvi(0)
−1 for any e ∈ Sn−1, where C > 0
is independent of i. It follows from the assumption (14) on hi that
vi(0)h˜i(x) ≤ C for all |x| ≤ 2/µi
and
‖∇(vi(0)h˜i)‖L∞(B 1
9µi
) ≤ µi‖vi(0)h˜i‖L∞(B 1
4µi
) ≤ Cµi.
Hence, for some constant c0 ≥ 0, we have, along a subsequence,
lim
i→∞
‖vi(0)h˜i(x)− c0‖L∞(Bt) = 0, ∀ t > 0.
Secondly, by Remark 4.2 and Proposition 4.3 we have, up to a subsequence,
vi(0)
∫
Bt
G˜i(x, y)κ˜i(y)
τivi(y)
pi dy →
acn
|x|n−4
in C3loc(Bt \ {0}) for any t > 0, (75)
where we used that G˜i(x, 0) → cn|x|
4−n. Notice that for any x ∈ Bt/2
Q′′i (x) :=
∫
B3/µi\Bt
G˜i(x, y)κ˜i(y)
τivi(y)
pi dy ≤ C(n,A1)max
∂Bt
vi.
Sincemax∂Bt vi ≤ Ct
4−nvi(0)
−1, we have as in the proof of (22), after passing to a subsequence,
vi(0)Q
′′
i (x)→ q(x) in C
3
loc(Bt) as i→∞
for some q ∈ C3(Bt). For any fixed large R > t+ 1, it follows from (75) that
vi(0)
∫
t≤|y|≤R
G˜i(x, y)κ˜i(y)
τivi(y)
pi dy → 0
as i → ∞, since the constant a is independent of t. By the assumption (12) on Gi, for any x ∈ Bt and
|y| > R, we have
|∇xG˜i(x, y)| ≤ A1|x− y|
3−n ≤
A1
R− t
|x− y|4−n ≤
A21
R− t
G˜i(x, y).
Therefore, we have |∇q(x)| ≤
A21
R−tq(x). By sending R → ∞, we have |∇q(x)| ≡ 0 for any x ∈ Bt.
Thus,
q(x) ≡ q(0) for all x ∈ Bt.
Since
d
dr
{
r4/(pi−1)vi(0)vi(r)
} ∣∣∣
r=1
= vi(0)
d
dr
{
r4/(pi−1)vi(r)
} ∣∣∣
r=1
= 0,
we have, by choosing, for example, t = 2 and sending i to∞, that
q(0) + c0 = acn > 0.
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Therefore, (74) is proved.
It follows from (74) and Lemma 2.2 that
lim inf
i→∞
vi(0)
2P(r, vi) = −(n− 4)
2(n− 2)a2c2n|S
n−1| < 0 for all 0 < r < 1.
On the other hand, by (63) vi satisfies
Pg˜ivi = c(n)κ˜
τi
i v
pi
i in B3/µi ,
where g˜i(z) = gi(µiz). It is easy to see that (50) is still correct with Gi replaced by G˜i. If n ≤ 9 or gi is
flat, it follows from Proposition 6.1 that
lim inf
r→0
lim inf
i→∞
vi(0)
2P(r, vi) ≥ 0. (76)
If n ≥ 10, by (50), we have
Uλ(x) =
∫
B3/µi
Gi,µi(x, y){Uλ(y)
n+4
n−4 + µ4i c
′
λ/µi,i
(µiy)Uλ(y)}dy + µ
n−4
2
i c
′′
λ/µi,i
(µix)
=
∫
B3
G˜i(x, y){Uλ(y)
n+4
n−4 + c˜′λ,i(y)Uλ(y)}dy + c˜
′′
λ,i(x) ∀ λ ≥ 1, x ∈ B3,
where c′λ,i(y) := µ
4
i c
′
λ/µi,i
(µiy) and
c˜′′λ,i(x) =
∫
B3/µi\B3
Gi,µi(x, y){Uλ(y)
n+4
n−4 + µ4i c
′
λ/µi,i
(µiy)Uλ(y)}dy + µ
n−4
2
i c
′′
λ/µi,i
(µix).
By the assumptions for c′λ,i and c
′′
λ,i, we have
Θ˜i :=
5∑
i=0
‖λ−k∇kc˜′λ,i‖L∞(B3) ≤ µ
4
iΘi,
and ‖c˜′′λ,i‖C5(B2) ≤ CA2λ
4−n
2 , where C > 0 depends only on n,A1, A2. Clearly, we have |Wg˜i(0)|
2 =
µ4i |Wgi(0)|
2. Hence (65) is satisfied. By (ii) of Proposition 6.1, we also have (76). We obtain a contra-
diction.
Therefore, 0 must be an isolated simple blow up point of ui and the proof is completed.
Lemma 6.1. Let 0 ≤ ui ∈ C
4(B3) solve both (47) and (63) with n ≥ 10, and assume (50) holds. For
µi → 0, let
vi(x) = µ
4
pi−1
i ui(µix).
Suppose that 0 is an isolated blow up point of {vi} and (65) holds. Then 0 is also an isolated simple
blow up point.
Proof. From the end of proof of Proposition 6.2, we see that the condition (65) is preserved under the
scaling vi(x) = µ
4
pi−1
i ui(µix). Hence, the lemma follows from Proposition 6.2.
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7 Global analysis and proofs of main theorems
Let (M,g) be a smooth compact Riemannian manifold of dimension n ≥ 5. Suppose (5) holds. Consider
the equation
Pgu = c(n)u
p, u ≥ 0 onM, (77)
where 1 < p ≤ n+4n−4 .
As in the second order case [39], we have
Proposition 7.1. Assume the above. For any given R > 0 and 0 ≤ ε < 1n−4 , there exist positive
constants C0 = C0(M,g,R, ε), C1 = C1(M,g,R, ε) such that, for any smooth positive solution of (77)
with
max
M
u(X) ≥ C0,
then n+4n−4 − p < ε and there exists a set of finite distinct points
S (u) := {Z1, . . . , ZN} ⊂M
such that the following statements are true.
(i) Each Zi is a local maximum point of u and
Br¯i(Zi) ∩ Br¯j(Zj) = ∅ for i 6= j,
where r¯i = Ru(Zi)
(1−p)/4, and Bri(Zi) denotes the geodesic ball in B2 centered at Zi with radius r¯i
(ii) For each Zi,∥∥∥∥∥ 1u(Zi)u
(
expZi
(
y
u(Zi)(p−1)/4
))
−
(
1
1 + |y|2
)n−4
2
∥∥∥∥∥
C4(B2R)
< ε.
(iii) u(X) ≤ C1distg(X, {Z1, . . . , ZN})
−4/(p−1) for all X ∈M .
Remark 7.1. On (M,g), we say a point X¯ ∈ M is an isolated blow up point for {ui} if there exists a
sequence Xi ∈M , where eachXi is a local maximum point for ui andXi → X¯, such that ui(Xi)→∞
as i → ∞ and ui(X) ≤ Cdistg(X,Xi)
− 4
pi−1 in Bδ(Xi) for some constants C, δ > 0 independent of
i. Under the assumptions that ui is a positive solution of Pgui = c(n)u
pi
i with 0 ≤
n+4
n−4 − pi → 0,
KerPg = {0} and that the Green’s function Gg of Pg is positive, it is easy to see that if Xi → X¯ ∈ M
is an isolated blow up point of {ui}, then in conformal normal coordinates centered at Xi, 0 is an
isolated blow up point of {u˜i(expXi x)}, where the exponential map is with respect to conformal metric
gi = κ
−4
n−4
i g, κi > 0 is under control on M , and u˜i = κiui; see Remark 4.1. Since in Theorem 7.1 and
the sequel those conditions will always be assumed, the notation of isolated simple blow up points on
manifolds is understood in conformal normal coordinates.
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Proposition 7.2. If one of the three cases happens: (i) (M,g) is locally conformally flat, n ≤ 9, or
n ≥ 10 and |Wg|
2 > 0 everywhere, then, for ε > 0, R > 1 and any solution (77) with maxM u > C0,
we have
|Z1 − Z2| ≥ δ
∗ > 0 for any Z1, Z2 ∈ S (u), Z1 6= Z2,
where δ∗ depends only onM,g.
Proof. Since (5) is assumed, the proof is similar to that of Proposition 5.2 of Li-Zhu [39]. Indeed, by the
Green representation in conformal normal coordinates we can apply results in previous sections.
Theorem 1.2 is a part of the following theorem.
Theorem 7.1. Let ui ∈ C
4(M) be a sequences of positive solutions of Pgui = c(n)u
pi
i on M , where
0 ≤ (n + 4)/(n − 4)− pi → 0 as i→∞. Assume the hypotheses in Proposition 7.2, then
‖ui‖H2(M) ≤ C,
where C > 0 depending only on M,g. Furthermore, after passing to a subsequence, {ui} is uniformly
bounded or has only isolated simple blow up points and the distance between any two blow up points is
bounded below by some positive constant depending only onM,g.
Proof. The last statement follows immediately from Proposition 7.1, Proposition 7.2 and Proposition
6.2. Consequently, it follows from (39) and Lemma 4.5 and Proposition 4.3 and Proposition A.1 that∫
M u
2n
n−4
i dvolg ≤ C . By the Green’s representation and standard estimates for Riesz potential, we have
the H2 estimates.
Proof of Theorem 1.1. By Proposition 7.1, it suffices to consider that p is close to n+4n−4 . suppose by
contradiction that there exists a sequences of positive solutions ui ∈ C
4(M) of Pgui = c(n)u
pi
i onM ,
where pi → (n+ 4)/(n − 4) as i→∞, such that maxM ui →∞. By Theorem 7.1, let Xi → X¯ ∈M
be an isolated simple blow up point of {ui}; see Remark 7.1.
If n ≥ 8 and |Wg|
2 > 0 on M , we immediately obtain a contradiction to item (iii) of Proposition
6.1. Next, we consider n ≤ 9 or (M,g) is locally conformally flat.
It follows from Proposition 6.1 that, in the gX¯ -normal coordinates centered at X¯ ,
lim inf
r→0
P(r, c(n)G) ≥ 0,
where gX¯ a conformal metric of g with det gX¯ = 1 in an open ball Bδ of the gX¯ -normal coordinates,
G(x) = GgX¯ (X¯, expX¯ x) and GgX¯ is the Green’s function of PgX¯ . On the other hand, if n = 5, 6, 7 or
(M,g) is locally conformally flat, by Theorem 2.1 and Lemma 2.2 we have
P(r, c(n)G) < −A for small r,
where A > 0 depends only onM,g. We obtain a contradiction.
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If n = 8, 9, we haveWg(X¯) = 0. In view of Remark 2.1, we have
lim
r→0
P(r,G) =
{
−2−
∫
Sn−1
ψ(θ), n = 8,
−52A, n = 9,
where ψ(θ) and A are as in Remark 2.1. If the positive mass type theorem holds for Paneitz operator in
dimension n = 8, 9, we obtain limr→0P(r,G) < 0. Again, we derived a contradiction.
Therefore, ui must be uniformly bounded and the proof is completed.
A Local estimates for solutions of linear integral equations
Let Ω2 ⊂⊂ Ω1 be a bounded open set in R
n, n ≥ 5. For x, y ∈ Ω1, let G(x, y) satisfy (12) with B3
replaced by Ω1 and let 0 ≤ h ∈ C
4(Ω1) satisfy
sup
Ω2
h ≤ A2 inf
Ω2
h and
4∑
j=1
rj|∇jh(x)| ≤ A2‖h‖L∞(Br(x)) (78)
for all x ∈ Ω2 and 0 < r < dist(Ω2, ∂Ω1). We recall some local estimates for solutions of the integral
equation
u(x) =
∫
Ω1
G(x, y)V (y)u(y) dy + h(x) for x ∈ Ω1. (79)
Proposition A.1. Assume as above. Let 0 ≤ V ∈ L∞(Ω1), and let 0 ≤ u ∈ C
0(Ω1) be a solution of
(79). Then we have
sup
Ω2
u ≤ C inf
Ω2
u,
where C > 0 depends only on n,A1, A2, Ω1, Ω2 and ‖V ‖L∞(Ω1).
Proof. It follows from some simple modification of the proof of Proposition 2.3 of [27]. In fact, the third
line of (12) is not needed.
Proposition A.2. Suppose the hypotheses in Proposition A.1. Then u ∈ C3(B2) and
‖u‖C3(Ω2) ≤ C‖u‖L∞(Ω1),
where C > 0 depends only on n,A1, A2, the volume of Ω2, dist(Ω2, ∂Ω1) and ‖V ‖L∞(Ω1).
If V ∈ C1(Ω1), then u ∈ C
4(Ω2) and for any Ω3 ⊂⊂ Ω2 we have
‖∇4u‖L∞(Ω3) ≤ C‖u‖L∞(Ω1),
whereC > 0 depends only on n,A1, A2, the volume ofΩ2, dist(Ω2, ∂Ω1), dist(Ω3, ∂Ω2) and ‖V ‖C1(B3).
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Proof. Let f := V u. If k < 4, we have
∇ku(x) =
∫
Ω1
∇kxG(x, y)f(y) dy +∇
kh(x) for x ∈ Ω2,
and thus
|∇ku(x)| ≤ A1‖f‖L∞(Ω1)
∫
Ω1
|x− y|n−4+k dy + |∇kh(x)|
≤ C(‖u‖L∞(Ω1) + ‖h‖L∞(Ω1)).
Since u and V are nonnegative, we have 0 ≤ h(x) ≤ u(x). We proved the first conclusion.
Let Ω3 ⊂⊂ Ω2. Without loss of generality, we may assume ∂Ω2 ∈ C
1. If V ∈ C1(Ω1), we have
f ∈ C1(Ω¯2). By the third line of (12), we see
∇xG(x, y) = −∇yG(x, y) + (O
(3)(|x|)−O(3)(|y|))|x − y|4−n +O(3)(|x− y|5−n).
We have for x ∈ Ω3 and 1 ≤ j ≤ n,
∇xj∇
3u(x) =
∫
Ω2
∇xj∇
3
xG(x, y)(f(y)− f(x)) dy − f(x)
∫
∂Ω2
∇3yG(x, y)νj dS(x)
+ f(x)O(
∫
Ω2
|x− y|1−n dy) +
∫
Ω1\Ω2
∇xj∇
3
xG(x, y)f(y) dy +∇xj∇
3h(x),
where ν = (ν1, . . . , νn) denotes the outward normal to ∂Ω2. By (12) and (78), the proof follows imme-
diately. Hence, we complete the proof.
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